Mathematics 220 Homework #7 Due Friday March 2nd 3pm

e There are 10 questions worth a total of 40.

1. Let A={1,2,3,4}. Give an example of a relation on A that is

(a) reflexive and symmetric but not transitive
(b
(

)

) reflexive and transitive but not symmetric
(¢) symmetric and transitive but not reflexive
)

)
)

d

(e) symmetric but neither reflexive nor transitive

reflexive but neither symmetric nor transitive

(f) transitive but neither reflexive nor symmetric

Solution:

(1,1),(2,2),(3,3),(4,4),(1,2),(2,1),(2,3), (3,2)}
(1,1),(2,2),(3,3), (4,4), (1,2)}

2. Let A= {1} and B = {1,2}.

(a) Determine all relations on A.
(b) Determine all relations from A to B.

(c¢) Determine all equivalence relations on B.

Solution:

(a) P and A x A
(b) 0, {(1, )}, {(1,2)}, Ax B

(c¢) To be reflexive, any equivalence relation R on B must contain (1,1) and (2, 2).
If R contains (1,2), then by symmetry it also contains (2,1). Similarly, if R
contains (2,1) then it also contains (1,2). Therefore the only possibilities are
{(1,1),(2,2)} and B x B. It is easy to check that these relations are equivalence
relations.
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3. Let A be a non-empty set. Let R = (. Is R an equivalence relation on A: why
or why not?

Solution:

No, because () is not reflexive: since A # () there is some a € A and (a,a) ¢ 0. (It is
however trivially symmetric and transitive.)

4. Let n > 2. Let Z,, = {[0], [1], ... [n — 1]} denote the integers modulo n. Recall
that the elements of Z, are the distinct equivalence classes induced by the equivalence

relation aRb if and only if @ = b mod n.
Show that multiplication in Z, is well-defined.

Note: By Theorem 8.2, it suffices to verify that for all a,b € Z,, and any x € [a] and
y € [b] we have that zy € [ab].

Hint: see Result 4.11.

Solution:

Let a,b € Z,,. Let « € [a] and y € [b]. Then = a and y = b mod n. By Result 4.11,
xy = ab mod n. Hence xy € [ab].

5. Let f : R — R be defined by f(z) = 2. For x,y € R, write 2Ry if and only
if f(x) =
(a) Verify that R is a relation on R.
(b) Is R an equivalence relation: why or why not?
(c¢) Find the domain and range of R, dom(R) and rng(R).
(d) Describe the inverse relation R~
) Sketch R and R™!.
)

Does R~! correspond to the graph of a function: why or why not?

e

(
(f

Solution:

(a) R is a relation on R since R C R?

(b) No, since f(2) # 2 and so (2,2) ¢ R.

(c) dom(R) =R and rng(R) = {y € R: z > 0}.
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©

(f) No, since the plot of R™' does not pass the vertical line test.

6. Let S ={2":n € Z}. Define a relation R on Q; = {q € Q: ¢ > 0} by ¢Rr if
and only if ¢/r € S.

(a) Show that R is an equivalence relation.

(b) Describe the elements of the equivalence classes [1/2], [2] and [3].

Solution:

(a) R is reflexive, since for any ¢ € Q,, q/qg =1 =2° € S. R is symmetric, since
if ¢/r = 2" then r/q = (¢/r)”' = 27™. R is transitive, since if ¢/r = 2" and
r/s =2" then q/s = (q/r)(r/s) = 2"+,

(b) [1/2] =[2] =S and [3] ={3-2":n € Z}.

7. Define a relation R on Z by aRb if and only if @ = b mod 2 and a = b mod 3.
Prove of disprove: R is an equivalence relation on Z.

Solution:

R is clearly reflexive and symmetric. Suppose that aRb and bRc. Then b = 2k +a =
30 +aand c=2m+b=3n+0b for some k,{,m,n € Z. Hence c = 2(k+m) +b =
3(¢ 4+ n)+ b, and so aRc. Therefore R is an equivalence relation.

8. The relation R on Z defined by aRb if and only if a® = 0* mod 4 is an

equivalence relation (Verify this on your own, but do not hand it in for marks). Determine
the distinct equivalence classes.
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Solution:
Note that aRb if and only if a® — b3 = 0 mod 4.
For any a € Z, a = 0,1,2 or 3 mod 4. Therefore, since 03 =0,13=1,22=0,33=1

mod 4, there are two distinct equivalence classes: [0] = {4n,4n + 2 : n € Z} and
1] ={4n+1,4n+3:n € Z}.

9. [4 marks| Let
A={a+0V2:a,beQ,a+bvV2+#0}.

Let R be the relation on A defined by xRy if and only if x/y € Q. Then R is an
equivalence relation (Verify this on your own, but do not hand it in for marks). Determine
the distinct equivalence classes.

Solution:

Let a,b,c,d € Q. Note that ¢+ dv/2 € [a + bv/2] if for some n,m € Z — {0} we have
that n(a + bv/2) = m(c + dv/2). This implies that na = mec and nb = md. If a = 0,
then since n, m # 0, we have that ¢ = 0. On the other hand, if a # 0, then n = mc/a
and so nb =md = d = bc/a.

The distinct equivalence classes are therefore [v/2] = {bv/2 : b € Q} and, for each
be @, [1+bv2] = {c(1+b/2): ceQl.

10. The factorial of a positive integer n is defined by

Prove that, for every positive integer n, 1-1!1+2-2!4+ ...+ n-nl=(n+ 1) — L.

2. Prove that every positive integer m can be written in ‘base factorial’, i.e. in the
form
m=a;-1'+ay-2'+...+a, n!

for some positive integer n and integers aq,...,a, which have the property that
0<a;<i—1foreachie{l,...,n}.
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